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Abstract. We will discuss some recent results in the determination of the location of the
conformal window in SU(2) gauge theory with N f fermions in the fundamental repre-
sentation of the gauge group. In particular, we will demonstrate that the long distance
behavior of the continuum theory with N f = 6 is governed by an infrared stable fixed
point.
1 Introduction
Determination of the vacuum phase of an SU(N) gauge theory with N f massless flavors of Dirac
fermions provides a basic problem for our current understanding of perturbative and nonperturbative
gauge theory dynamics. For example, in the case of fermions transforming in the fundamental rep-
resentation of the gauge group the following quantitative features have been established: At small
N f the theory breaks chiral symmetry of the vacuum similarly as QCD, while above N f = 11N/2
the theory is not asymptotically free. Between N(c)f ≤ N f ≤ 11N/2, inside the so-called conformal
window, the long distance behaviour is expected to become governed by a nontrivial infrared stable
fixed point (IRFP), and the vacuum phase of the theory has infrared conformal behavior.
The IRFP in typical cases is at strong coupling, making the determination of the lower boundary
of the conformal window N(c)f challenging. Nonperturbative methods are required, and over recent
years a lots of efforts in the field of lattice gauge theory has been devoted to address these questions.
One particular benchmark theory which has been thoroughly investigated is SU(2) gauge theory with
two Dirac fermions in the adjoint representation [1–3]. This theory shows clear indications for the
existence of an IRFP.
Here we focus on SU(2) gauge theory with N f fermions in the fundamental representation of the
gauge group. Systematic investigation of some of these theories has been carried out in [4–8]. For
few flavors the theory is expected to be QCD-like and this is confirmed by the simulations as well
as the existence of a fixed point for ten flavors compatibly with perturbation theory. However, at
intermediate number of flavors, in particular at N f = 6 the results remain inconclusive so far.
2 Lattice formulation
We study the SU(2) gauge theory with Dirac fermions in the fundamental representation of the gauge
group. In the lattice formulation we use the HEX-smeared [9] clover improved Wilson fermion action
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with partially smeared plaquette gauge action S = (1 − cg)SG(U) + cgSG(V) + S F(V), Here U and V
are, respectively, the unsmeared and smeared gauge link matrices. SG is the standard single plaquette
Wilson gauge action for the SU(2) Yang Mills theory, where βL = 4/g20, cg is the mixing parameter
between the smeared and unsmeared plaquettes, and a is the lattice spacing. Using the partially
smeared gauge action helps to avoid unphysical bulk phase transitions at strong coupling [10]. We set
the gauge action mixing parameter to the value cg = 0.5; for the details of this smearing, see [3].
The clover improved Wilson fermion action is
S F = a4
N f∑
α=1
∑
x
[
ψ¯α(x)(iD + m0)ψα(x) + acswψ¯α(x)
i
4
σµνFµν(x)ψα(x)
]
, (1)
where D is the standard lattice Wilson-Dirac operator,
D =
1
2
[γµ(∇∗µ + ∇µ) − a∇∗µ∇µ], (2)
where ∇µ (∇∗µ) is the gauge covariant forward (backward) lattice derivative
∇µψ(x) = 1a [Vµ(x)ψ(x + aµˆ) − ψ(x)] (3)
defined in terms of the smeared link matrices. The last term in the fermion action is the clover
term containing the usual symmetrized field strength tensor. To removes O(a) errors from on-shell
quantities we set the Sheikholeslami-Wohlert coefficient csw to its tree-level value csw = 1. At the
temporal boundaries we use Dirichlet boundary conditions with the gauge link matrices set to unity
and fermion fields to zero, while the spatial boundaries are taken periodic. These bounday conditions
remove the fermion zero modes and allow us to run simulations at vanishing physical quark masses.
The Wilson fermion action breaks the chiral symmetry explicitly and requires additive renormal-
ization of the quark mass. We tune to the chiral limit by requiring the vanising of the PCAC quark
mass aM(L/2), defined by the relation [11]
M(x0) =
1
4
(∂∗0 + ∂0) fA(x0)
fP(x0)
, (4)
where fA and fP are axial and pseudoscalar current density correlations. In principle there is an O(a)
improvement term to this equation [11], but our use of the smeared gauge links renders its contribution
very small and we ignore it here.
3 Results
The vacuum spectrum of the theory provides a simple probe of the nonperturbative properties of
the theory, especially in the case of QCD-like dynamics where the results can be straightforwardly
interpreted. The masses of color singlet meson states are determined by fitting the time sliced average
correlation functions with Coulomb gauge fixed wall sources.
For two flavors, in the limit of vanishing quark mass, the spectrum behaves as expected on the
basis of spontaneously broken chiral symmetry: the mass of the pseudoscalar state scales towards
zero while the mass of the vector state has a finite intercept. These behaviors are shown in the left
panel of Fig. 1, while the right panel shows the pseudoscalar decay constant Fpi as a function of the
quark mass.
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Figure 1. The vacuum spectra of SU(2) gauge theory with two Dirac flavors in the fundamental representation.
Left: the masses of the pseudoscalar and vector states as a function of the quark mass. Right: the pseudoscalar
decay constant as a function of the quark mass.
The interpretation of the results from the spectral measurements become more uncertain when
approaching the conformal window. In Fig. 2 we show the results for the measurement of the spectrum
in the four-flavor theory. While the results are consistent with the qualitatively similar behavior as in
the two-flavor case, the pseudoscalar decay constant is compatible with a finite or zero value as mQ
approaches zero.
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Figure 2. Vacuum properties of SU(2) gauge theory with four Dirac flavors in the fundamental representation.
Left: the masses of the pseudoscalar and vector states as a function of the quark mass. Right: the pseudoscalar
decay constant as a function of the quark mass.
The difficulties become increasingly profound as N f is increased further: In Fig. 3 we show the
masses of the pseudoscalar and vector states measured at two different volumes. The results show
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strong finite volume effects when approaching the chiral limit. Extrapolating the results seems to
imply that the masses are scaling equivalently towards zero, which could be taken as an indication of
a conformal behavior, i.e. a signal of the existence of a nontrivial fixed point.
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Figure 3. The masses of the pseudoscalar and vector states in an SU(2) gauge theory with four Dirac flavors in
the fundamental representation. The results correspond to lattice coupling at two different volumes.
To make more definitive statement on the existence of a fixed point, we measure the running of
the coupling using the Yang-Mills gradient flow [12] combined with the Schrödinger functional finite-
volume scaling [13]. To set up this computation, we introduce an extra coordinate, the flow time t,
and a flow gauge field Bµ(x; t), which evolves according to
∂tBµ = DνGνµ , (5)
where Gµν(x; t) is the field strength of the flow field Bµ and Dµ = ∂µ + [Bµ, · ]. The initial condition is
defined in terms of the original continuum gauge field Aµ such that Bµ(x; t = 0) = Aµ(x).
The flow smooths the gauge field over the radius r ∼ √8t and renormalizes gauge invariant
observables [14]. Therefore the field strength of SU(N) gauge theory, which to leading order in
perturbation theory evolves as [15]
〈E(t)〉 = −1
4
〈GµνGµν〉(t) =
3(N2 − 1)g20
128pi2t2
+ O(g40), (6)
can be used to define the coupling at scale µ = 1/
√
8t nonperturbatively as
g2GF(µ) =
128pi2
3(N2 − 1) t
2〈E(t)〉∣∣∣t=1/8µ2 . (7)
In the lattice formulation of SU(2) theory, the continuum flow field is replaced by the lattice link
variables Uµ(x; t). These are then evolved according to
∂
∂t
Uµ(x; t) = −g20
(
∂
∂Uµ(x; t)
SGF[U]
)
Uµ(x; t) (8)
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with the initial condition Uµ(x; t = 0) = Uµ(x). For the action SGF appearing in the flow evolution
equation, we use the Lüscher-Weisz pure gauge theory action [16].
In order to minimize both lattice artifacts and finite volume effects in (7), the scale must be limited
into a regime 1/L  µ  1/a. As detailed in [13], we relate the lattice scale to the renormalization
scale by defining a dimensionless parameter ct such that
µ−1 = ctL =
√
8t. (9)
Each value of ct therefore defines a particular scheme for the coupling. A range of ct = 0.3 − 0.5 is
suggested in [13] as within this range the cutoff effects, statistical variance, and boundary effects [17],
are reasonably small. We use ct = 0.4 in our analysis, but we have studied the dependence of our
results on the variation of ct.
The running of the coupling is quantified using the lattice step scaling function Σ(u, s, L/a) and its
continuum limit σ(u, s). These describe the change of the measured coupling when the linear size of
the system is increased from L to sL, while keeping the bare coupling g20, and consequently the lattice
spacing, constant:
Σ(u, s, L/a) = g2GF(g
2
0, sL/a)
∣∣∣
g2GF(g
2
0,L/a)=u
(10)
σ(u, s) = lim
a/L→0
Σ(u, s, L/a). (11)
For the eight flavor theory we choose s = 2.
A proper continuum extrapolation would require the step scaling function to be evaluated at fixed
value of the coupling. However, in practice the simulations are done at a selected fixed set of bare cou-
plings βL = 4/g20, which do not correspond to same g
2
GF-values when step scaling in (10) is measured
at different L/a. It is therefore necessary to interpolate the g20-dependence of the actual measurements
of g2GF(g
2
0, L/a) at each lattice size L/a. We use a rational interpolating function [6]:
g2GF(g
2
0, L/a, t) = g
2
0
1 +
∑n
i=1 akg
2i
0
1 +
∑m
i=1 bkg
2i
0
, (12)
with n = 7 and m = 1, which were determined to give a reasonable χ2/d.o.f.
We expect the dominant discretization errors to be of order a2. The continuum extrapolation of
the step scaling function Σ(u, 2, L/a), defined in Eq. (10), is then performed by using a quadratic
extrapolation function
Σ(u, 2, L/a) = σ(u, 2) + c(u)(L/a)−2 (13)
on lattices of size L/a = 10, 12, 16. Furthermore, to minimize the cutoff effects in the gradient flow
coupling g2GF [18] a tunable O(a
2) correction τ0 is implemented, as suggested in ref. [19]:
g2GF =
t2
N 〈E(t + τ0a
2)〉 = t
2
N 〈E(t)〉 +
t2
N 〈
∂E(t)
∂t
〉τ0a2 + O(a4). (14)
This is applied at the beginning of the analysis, i.e. for each new choice of τ0 the coupling gGF and
step scaling are recalculated.
As long as |τ0|  t/a2, the τ0-correction will have a relatively small effect in the continuum [20].
The cutoff effects grow as a function of a coupling making the τ0-correction dependent on the cou-
pling, τ0(g2GF). Note that for a consistent continuum limit the functional dependence must be on g
2
GF
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Figure 4. Left: The measured values of g2GF(g0, L/a). Right: The lattice step scaling function.
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Figure 5. Left: The scaled step scaling function σ(g2GF, 2)/g
2
GF, with continuum extrapolation done using the
10 − 20, 12 − 24 and 16 − 32 volume pairs. Right: The estimate of β-function.
instead of g20 [21]. In our case, at ct = 0.4, we have found that a good result can be obtained with the
functional form
τ0 = 0.06 log(1 + g2GF) , (15)
where the logarithm regulates the behaviour of τ0 at strong coupling. In order to reach the final τ0 and
g2GF we calculate the correction iteratively starting from the bare coupling g
2
0.
The measured values of running coupling at ct = 0.4 with the τ0 correction taken into account
are shown in the left panel of Fig. 4. Substantial finite volume effects are observed on smaller lat-
tices at around g2 ≡ g2GF ≈ 8. On the right panel of the figure the scaled step scaling function
Σ(g2, 2, L/a)/g2 = g2(g20, 2L/a)/g
2(g20, L/a) is shown at L/a = 8 , 10 , 12 and 16. In the weak coupling
region the running follows closely the universal two loop perturbative curve up to g2 = 4, but then
deviates towards a possible fixed point around g2 = 8. Also shown in the figure is the four loop MS
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result, but it should be noted that this result is scheme dependent and cannot be directly compared
with our result.
In the left panel of Fig. 5 we show the continuum limit of the step scaling function (13) using the
τ0 correction from (15) and step scaling volume pairs 10-20, 12-24 and 16-32. The pair 8− 16, which
shows strong finite volume effects, is excluded. Also the continuum extrapolation with the largest
volume step scaling function is shown in the figure. This can be compared to the uninterpolated step
scaling presented in Fig. 4. The error bands shown in the figure include only the statistical errors
from the measurements, interpolation and extrapolation and the error propagation has been done by
jackknife blocking throughout the whole analysis. The variation between these two curves provides
an estimate of the systematic errors in the extrapolation, and seem to be well in control.
We have also studied the dependence of the continuum extrapolation on the τ0-correction, value of
the ct-parameter in the lattice action and on the different lattice discretizations of the energy observable
E(t). We find that the continuum extrapolated results are remarkably robust against all these variations.
As a final result, in the ct = 0.4 scheme, the fixed point coupling is located at 7 <∼ g2∗ <∼ 9, where the
error is dominated by the systematics of the extrapolation.
The step scaling function is related to the β-function as
−2 ln(s) =
∫ σ(u,s)
u
dx√
xβ(
√
x)
. (16)
Close to the fixed point, where the running is slow and |β| small, we can approximate the β-function
by
β(g) ≈ β¯(g) = g
2 ln(s)
(
1 − σ(g
2, s)
g2
)
. (17)
From the step scaling function σ(g2GF) we can construct the approximate beta function β¯(g) using
Eq. (17), and this is shown in the right panel of Fig. 5.
These behaviors confirm that the theory with eight fundamental flavors should be well within the
conformal window. We have also performed a similar analysis of the evolution of the coupling for the
six-flavor theory, which on the basis of the measurement of the spectrum and earlier studies on the
evolution of the coupling remains inconclusive.
The analysis in the six flavor theory follows closely the eight flavor case and we only quote the
essential features here before presenting the results. The gradient flow is evolved with Lüscher-Weisz
action, clover definition of the energy density and with the choice ct = 0.3. We run the simulations
using lattice sizes 8,12,16,18,20,24,30 and 36 and with bare couplings within the range g20 ∈ [0.5, 8].
The measured couplings with the aforementioned parameters are shown in the left panel of Fig. 6.
It is clear from the figure that the finite volume effects become substantial on smaller lattices as the
coupling grows larger. The measurements on the L = 36 are incomplete and will not be included in
the subsequent analysis.
Our data allows us to use either s = 2 or s = 3/2, and we choose the step size s = 3/2. In the right
panel of Fig. 6 we show the scaled step scaling function Σ(u, L/a, 3/2)/u calculated for the measured
pairs 8 − 12, 12 − 18, 16 − 24, 20 − 30 and 24 − 36. The large coupling behavior of the 8 − 12 pair
deviates significantly from the others due to finite volume effects.
The continuum limit of the step scaling function is obtained from the lattice step scaling by ex-
trapolating with a quadratic fit. The constant values of couplings at several lattice sizes are obtained
by interpolating the measured couplings with a polynomial function
gGF(g0)
g40
− 1
g20
=
m∑
i=0
aig2i0 , m = 10 , (18)
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Figure 6. The plot on the left shows the gradient flow coupling (7) measured at each βL and L/a at c = 0.3 for the
six flavor theory. The plot on the right shows the corresponding lattice step scaling function for these couplings.
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Figure 7. The scaled step scaling function with continuum extrapolation in the six-flavor theory.
with which we achieve a combined χ2/d.o.f of ∼ 1.1. Furthermore, the τ0-correction on the gradient
flow coupling is implemented as explained in the case of the eight flavor theory.
We present a benchmark case of the continuum extrapolations of the step scaling function in the
six flavor theory in Fig. 7. Similar to lattice step scaling behavior in Fig. 6, the continuum step scaling
follows the universal two loop perturbative curve closely up to gGF ≈ 7 and then deviates towards an
IRFP around gGF ∼ 14.5. The 3 and 4-loop MS curves are also shown, but they are scheme dependent,
and cannot be directly compared to the nonperturbative result.
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4 Conclusions
We have studied the infrared behaviors of SU(2) gauge theory with N f fermions in the fundamental
representation of the gauge group. In particular, we have measured the running of the coupling in this
theory with N f = 8 and N f = 6. The gradient flow algorithm with Schrödinger functional boundary
conditions provides clean results on the strong coupling behavior of these theories. For both cases
we have observed a clear indication of an infrared stable fixed point in the step scaling analysis. The
continuum limit is robust regardless of the lattice discretizations used.
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